Abstract: the GN-model of fiber non-linearity has had quite substantial success in modern optical telecommunications network as a design and management tool. A version of it, capable of handling arbitrary WDM combs and link structures in closed form, was proposed in 2014. Here we upgrade that formula, to make it capable of handling frequency-dependent dispersion, frequency-dependent loss and frequency-dependent gain/loss due to Stimulated Raman Scattering (SRS) among channels. This way, more challenging and complex network scenarios, like the ones that are being deployed right now, can be dealt with in real-time, to the great advantage of management, control and optimization of such networks.
Introduction
The problem of modeling the impact of non-linear effects in an optical fiber has been given substantial attention since the onset of optical fiber communications. Over the last ten years, and manifestly since the introduction of coherent optical systems, substantial results have been achieved. Currently, several NLI (non-linear-interference) models are available, with different features in terms of accuracy vs. complexity, for instance [1] - [7] .
Premises
In the first order Regular Perturbation (RP1) paradigm [], NLI noise is produced in each span independently of the NLI produced in any other span. We then add the approximation of incoherent NLI accumulation, that is that the NLI produced in each span sums up in power at the end of the link.
Based on these assumptions, the power spectral density (PSD) of NLI at the end of the link, N is the number of spans in the link and the "approximately equal" symbol is used here to point out that this is an approximation. However, henceforth we will use an "equal-to" symbol for ease of readability. Note that for the summation term with What we want to account for in it are the following:
• frequency-dependent fiber dispersion • frequency-dependent distributed loss/gain • frequency-dependent lumped loss/gain • assess the impact of possible lumped dispersion-compensating units (DCUs) Note that distributed loss/gain may be due to purposeful Raman amplification, or to SRS. In this paper we focus on SRS. 
i.e., dispersion is assumed to be z -independent. This assumption leads to no practical loss of generality, since spans are typically made up of a single type of fiber. If a span is made up of two types of fiber, then it can always be formally split up into two spans, with unit lumped amplification between them. As a result:
, ,
Then we can write: We can now take the absolute value squared: Note the interesting aspect that both distributed fiber dispersion and lumped dispersion compensation disappear from Eq. 9 and Eq. 10.
Eq. 3 then becomes:
( ) This equation embodies our fundamental premises, including the incoherent NLI accumulation assumption.
3. The NLI produced in the generic n-th span The next step is calculating the NLI produced in the generic n -th span. As a notation choice, the index used to identify spans will henceforth be written s n , where the subscript is a reminder for "span". The reason is to not confuse this index with other indices that will be used in the derivation.
According to the assumptions and derivations of the incoherent GN model (iGN model), we have for the generic -th
Gf the following general formula [4] , [9] : is z -independent and independent of frequency: 
The dispersive terms in absolute value squared factorize to 1 so that we can simplify: 
This means that under the iGN model assumptions, lumped dispersion has no effect on NLI generation. Henceforth, therefore, we will completely disregard DCUs.
Then, from Eq. 6 :
, , 
For ease of notation, we define: 
so that: This way, we can rewrite Eq. 11 as: 
We can now proceed to make specific assumptions on the form of
We first assume that dispersion is expressed through its third-order series expansion as: Eq. 16 into Eq. 12 we get the remarkably simple expression:
We then make a key assumption. We assume that loss can be expressed as the sum of a zindependent and a z -dependent term. The latter decays exponentially. We write:
, exp
We will come back to this hypothesis later, to better justify it.
Substituting into Eq. 12 we get:
, , , , 
In order to proceed further it is necessary to make some remarks on the frequency integrals involved and take some approximations.
We re-write Eq. 15 as:
,
where:
( )
We look at the structure of the WDM signal ( )
Gf , with reference to Fig. 2 . We assume that in each span there can be a different set of WDM channels. However, the channel under test (CUT) is present in each span, at the same frequency. All other channels can change, in number, frequency and bandwidth.
Specifically, the number of WDM channels in the -th 
We explicitly write the CUT channel index in the -th . However, the frequency and bandwidth of the CUT stay the same throughout the link, so we can write them for ease of notation as fixed constants:
Henceforth, we will identify them simply as: CUT f , CUT B , since they do not change span-by-span.
We then approximate the channel spectra with rectangles, whose bandwidth is 
Introducing Eq. 21 into Eq. 19 we get: 
We then concentrate on calculating
Gf related to a single channel, specifically the CUT. Note that the CUT can be any of the WDM comb channels, so there is actually no loss of generality in this assumption. However, formally, we limit our interest to finding the PSD of NLI at the center of the CUT, 
Each of the terms of the triple summation then creates a specific integration domain in 
The resulting integration domain is made up of distinct sub-domains. Looking for instance at an example of a 7-channel WDM comb, made up of equally spaced, identical-bandwidth channel, where the CUT is the center channel of 7, the resulting diagram over the The integration domain is made up of several "islands", as shown in Fig.3 . Note that if the channel spacing goes below a certain threshold, then smaller triangular sub-islands appear as well [11] . We will in the following neglect the smaller triangular islands. The islands that typically contribute the most to NLI are those along the two axes going through the center frequency of the CUT, i.e., those marked in yellow (the so-called "XCI" or "cross-channel interference islands") and the "SCI" (or "selfchannel interference") island at the center, in red (for terminology and explanation, see [11] ).
We focus on the red and yellow islands for now. Fig. 4 below serves as a reference for the more general case than Fig.3 , where channels are non-equally-spaced and have different bandwidths.
B Figure 4: XCI and SCI integration domain "islands" of Eq. 22, for a 3-channel WDM comb of unequally spaced and different-bandwidth channels. The CUT is the center channel. In yellow the XCI islands, in red the SCI island.
We first focus on the yellow island along the 2 f axis centered at 
Regarding the first bullet, we neglect its effect. If we first assume ch ch n m = , then integration will take place over rectangular islands defined by: 
In the end, the overall integration formula reads: f and 2 f , in the two integrals, which are therefore apparently different. However, they would turn out to be identical if this symmetry was verified:
Looking at Eq. 20, together with Eq. 18 and Eq. 19, this turns out to be the case. So, the two integrals are identical, can be grouped together and in the end: We now focus on ( ) 
where it is apparent the presence of the product:
As a strategy for simplifying this factor, we are going to change integration variables into: We then apply the same strategy to the loss term and again we obtain a dramatic simplification: We can then insert these results into 
Integration
We now confront with the task of carrying out one spatial integration and two frequency integrations, cascaded. We first look at the spatial integrals within the factor  . One of the integrals has the form: This integral cannot be executed exactly. To get convergence, it is necessary to assume that the integration limit be infinity, instead of the span length. We accept such approximation and as a result we get: 

We point out that in virtual totality of practical cases this approximation is immaterial. It amounts to summing NLI produced over in ideally infinitely long fiber, rather than one () s n s L km long. Since fibers are lossy, by far most of NLI is actually produced over the first 20-30 km of fiber, and virtually all within the first 50 km, unless some form of distributed amplification is used. Even so, this approximation is likely not to be a problem, but we leave the discussion of this case for a subsequent paper.
There is also an outer integral, which can be executed exactly: 
) 
For the sake of readability, we are going to replace in some of the next few formulas: 
We can then go back to Eq. 25. We can re-write it as: 
() The formula can then be compacted as follows: 
Unfortunately, integration in frequency does not appear to be possible in closed form. We have then to take some further approximations. The key assumption that we make is:
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
In other words, the presence of an SRS-induced 1  is assumed to be a small perturbation vs. the bulk of loss, which is due to fiber loss 0  . This appears to be reasonable. If so, we can think of replacing the integrand with a series expansion of it. In particular, we take the expression inside the absolute value squared and expand it first order vs. 
Remarkably, the resulting expression is free of special functions. This expression needs then to be absolute-value squared. The calculation yields: 
Both these integrals can be further simplified by using the following approximate expressions: which completes the needed integral calculations. We are now going to re-propose the final formulas, using the full notation. 
Complete formulas in full notation
Setting the SRS parameters
As shown above, loss for each channel is modeled as: 
